Wiedemann-Franz Law For Hot QCD Matter in a Color String Percolation
  Scenario by Sahoo, Pragati et al.
Wiedemann-Franz Law For Hot QCD Matter in Color String Percolation Scenario
Pragati Sahoo∗ and Raghunath Sahoo†
Discipline of Physics, School of Basic Sciences, Indian Institute of Technology Indore, Indore- 453552, INDIA
Swatantra Kumar Tiwari‡
Department of Applied Science and Humanities, Muzaffarpur Institute of Technology, Muzaffarpur- 842003, Bihar
(Dated: September 18, 2019)
Transport coefficients serve as important probes in characterizing the QCD matter created in high-
energy heavy-ion collisions. Thermal and electrical conductivities as transport coefficients have got
special significance in studying the time evolution of the created matter. We have adopted color
string percolation approach for the estimation of thermal conductivity (κ), electrical conductivity
(σel) and their ratio, which is popularly known as Wiedemann-Franz law in condensed matter
physics. The ratio κ/σelT , which is also known as Lorenz number (L) is studied as a function of
temperature and is compared with various theoretical calculations. We observe that the thermal
conductivity for hot QCD medium is almost temperature independent in the present formalism and
matches with the results obtained in ideal equation of state (EOS) for quark-gluon plasma with
fixed coupling constant (αs). The obtained Lorenz number is compared with the Stefan-Boltzmann
limit for an ideal gas. We observe that a hot QCD medium with color degrees of freedom behaves
like a free electron gas.
PACS numbers: 25.75.-q,25.75.Gz,25.75.Nq,12.38.Mh
I. INTRODUCTION
Ultrarelativistic heavy-ion collision programmes such
as Relativistic Heavy-Ion Collider (RHIC) at BNL and
Large Hadron Collider (LHC) at CERN possibly create
a deconfined state of quarks and gluons called quark-
gluon plasma (QGP). At these experimental facilities,
an ample amount of data have been collected, which
help us to understand the thermodynamic and transport
properties of the created matter. Analysis of the experi-
mental observables such as transverse momentum spectra
and collective flow of charged hadrons or electromagnetic
probes necessitates the inclusion of transport parame-
ters in their estimation. This motivates to study the
transport properties of the hot QCD matter produced in
heavy-ion collisions. The first experimental proof of the
transport processes in the created medium is given by
explaining the charged hadrons elliptic flow measured at
RHIC [1] using dissipative hydrodynamics [2]. Recently,
ALICE results [3–8] have reconfirmed the relevance of
these transport processes. Currently, the transport co-
efficients under intense investigations are shear viscosity
(η), bulk viscosity (ζ), electrical conductivity (σel) and
thermal conductivity (κ).
The space-time evolution of the system formed in
ultra-relativistic high energy collisions can be quantified
by the energy-momentum dissipation. The velocity gra-
dient between the adjacent layers of the system result-
ing distortion in momentum distribution of the system
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quanta gives rise to viscous forces. Like momentum dis-
tortion, thermal dissipation also happens due to tem-
perature gradient in the system. This can be described
in terms of thermal conductivity for a system with con-
served baryon current density. A strong electromagnetic
field is generated in the early stages of non-central heavy-
ion collisions, which is of the order of m2pi. To quantify the
impact of the fields on electromagnetically charged QCD
medium produced, the electrical conductivity plays an
important role. It gives a measure of the electric current
being induced in the response of the early stage electric
field [9]. The ratios between thermal and electrical con-
ductivity can reflect the competition between momen-
tum transport, heat transport in the medium, respec-
tively, leading to the verification of Wiedemann-Franz
Law for a QCD medium. The electrical conductivity
plays an important role in quantifying the impact of the
fields on electromagnetically charged medium. It mea-
sures the electric current induced in the response of the
early stage electric field. However, the thermal conduc-
tivity has a crucial role in the hydrodynamic evolution of
the medium created specially at FAIR energies and in the
low energy runs at RHIC, where baryon chemical poten-
tial is significant. In Ref. [10], it is shown that the ther-
mal conductivity diverges at the critical point and also
used to study the impact of hydrodynamic fluctuations
on experimental observables. Recently, various transport
coefficients such as electrical conductivity and thermal
conductivity for QGP are studied using the quasi-particle
model. In these works, the Chapman-Enskog technique
is employed from kinetic theory of many particle system
with a collision term that includes the binary collisions
of quarks/antiquarks and gluons [9, 11].
Color String Percolation Model which is inspired by
QCD [12–16], can be used as an alternative approach to
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2Color Glass Condensate (CGC). The color flux tubes are
stretched between the colliding partons in terms of the
color field in the color string percolation scenario. qq¯
pair is produced from strings in a similar way as in the
Schwinger mechanism of pair creation in a constant elec-
tric field covering all the space [17]. When the energy
and the number of nucleons of participating nuclei in-
crease, the number of strings grows. Color strings may
be viewed as small discs in the transverse space filled
with the color field created by colliding quarks and glu-
ons. The number of strings grows as collision energy and
size of the colliding nuclei increase and starts overlap-
ping to form clusters. When a critical string density is
reached, a macroscopic cluster appears that marks the
percolation phase transition which spans the transverse
nuclear interaction area. 2-dimensional percolation is a
non-thermal second order phase transition. In CSPM,
the Schwinger barrier penetration mechanism for parti-
cle production, the fluctuations in the associated string
tension and the quantum fluctuations of the color fields
make it possible to define a thermodynamical equilibrium
temperature. Consequently, the particle spectrum is pro-
duced with a thermal distribution. When the initial den-
sity of interacting colored strings (ξ) exceeds the 2D per-
colation threshold (ξc) i.e. ξ > ξc, a macroscopic cluster
appears, which defines the onset of color deconfinement.
The critical density of percolation is related to the effec-
tive critical temperature and thus percolation may be a
possible way to achieve deconfinement in heavy-ion col-
lisions [18] and in high multiplicity pp collisions [19, 20].
It is observed that, CSPM can be successfully used to
describe the initial stages in ultrarelativistic high energy
collisions [17]. Recently, we have studied the temperature
dependence of electrical conductivity and shear viscosity
to entropy density for strongly interacting matter using
CSPM [21]. We have also studied the collision energies,
collision centrality and colliding system size dependence
of various thermodynamical and transport properties for
the strongly interacting matter in a color string perco-
lation approach [22, 23]. In our earlier work [21], we
had an extensive study of electrical conductivity of hot
QCD matter using the CSPM approach. In the present
report, we extend the work to include the thermal con-
ductivity and study the famous Wiedemann-Franz law of
condensed matter physics for a system with color degrees
of freedom possibly created in heavy-ion collisions at the
relativistic energies or in high-multiplicity proton-proton
collisions at the LHC energies.
The manuscript is organized as follows: Section II en-
compasses the derivation of electrical and thermal con-
ductivities in color string percolation model (CSPM).
The obtained results using the formulations have been
discussed in Section III. Finally, we present the summary
of the work with possible outlook in Section IV.
II. FORMULATION
In this section, we present the derivation of the elec-
trical and thermal conductivities using CSPM for hot
QCD matter and study the temperature dependence of
the Lorenz number.
A. Electrical Conductivity
First, we formulate the electrical conductivity of
strongly interacting matter using the color string per-
colation approach. To start with we need to revisit the
basic formalism of CSPM. A parameterisation of pp col-
lisions at
√
s = 200 GeV for central Au+Au collisions is
used to compute the percolation density parameter, ξ by
using the pT distribution. And the parameterisation is
given as [21–23],
dNch
dp2T
=
a
(p0 + pT)α
, (1)
where, a is the normalisation factor and p0, α are fit-
ting parameters given as, p0 = 1.982 and α = 12.877 [17].
Due to the low string overlap probability in pp collisions
there is less probability for percolation to happen, so the
fit parameters extracted by fitting pT distribution of pp
collisions at
√
s = 200 GeV are used to evaluate the inter-
actions of the strings in Au+Au collisions. The modified
parameterisation is given as,
p0 → p0
( 〈nS1/Sn〉Au+Au
〈nS1/Sn〉pp
)1/4
. (2)
Here, Sn represents the area occupied by n overlapping
strings. Now,
〈nS1
Sn
〉 = 1
F 2(ξ)
, (3)
where, F (ξ) is the color suppression factor, which is
given as,
F (ξ) =
√
1− e−ξ
ξ
. (4)
To calculate the electrical conductivity of strongly in-
teracting matter, which is one of the most important
transport properties of QCD matter, we proceed as fol-
lows. The mean free path (λmfp), which denotes the re-
laxation of the system far from equilibrium can be writ-
ten in terms of number density (n) of an ideal gas of
quarks and gluons and the transport cross-section (σtr).
i.e.
3λmfp =
1
nσtr
. (5)
In CSPM the number density is given by the effective
number of sources per unit volume:
n =
Nsources
SnL
. (6)
Here, L is the longitudinal extension of the string ∼1
fm. The area occupied by the strings is given by the re-
lation (1− e−ξ)Sn. Thus, the effective number of sources
is given by the total area occupied by the strings divided
by the area of an effective string, S1F (ξ) as shown below,
Nsources =
(1− e−ξ)Sn
S1F (ξ)
, (7)
In general, Nsources is smaller than the number of single
strings. In the limit, ξ = 0, Nsources equals to the number
of strings Ns. So,
n =
(1− e−ξ)
S1F (ξ)L
. (8)
Now, using eqs. 5 and 8, the λmfp can be expressed in
terms of percolation density parameter,
λmfp =
L
(1− e−ξ) , (9)
where σtr, the transverse area of the effective strings
equals to S1F (ξ).
Now we use Anderson-Witting model to derive the for-
mula for electrical conductivity in which the Boltzmann
transport equation is given as [24],
pµ∂µfk + qF
αβpβ
∂fk
∂pα
=
−pµuµ
τ
(fk − feq,k), (10)
where fk = f(x,
−→p , t) is the full distribution function
and feq,k is the equilibrium distribution function of k
th
species. τ is the mean time between collisions and uµ
denotes the fluid four velocity in the local rest frame.
Eq. 10 provides the calculation of the quark distribution
after applying the electric field. The gluon distribution
function remains thermal and unaffected by electric field.
The assumptions that, there are as many quarks (charge
q) as anti-quarks (charge -q) and uncharged gluons in the
system is considered. Fαβ is the electromagnetic field
strength tensor, which in terms of electric field and the
magnetic flux tensor is given as [25],
Fµν = uνEµ − uµEν −Bµν . (11)
The magnetic field is set to zero, Bµν = 0 in the calcu-
lations, as we are interested in the study of the effect of
electric field on the system. The electric current density
of the kth species in the x-direction is given as,
jxk = qk
∫
d3ppx
(2pi)3p0
fk = gkτ
8
3
piq2kT
2
(2pi)3
Ex. (12)
According to Ohm’s law, jxk = σelE
x. Using eq. 12 and
relation nk = gkT
3/pi2, electrical conductivity in the as-
sumption of very small electric field and no cross effects
between heat and electrical conductivity in the relaxation
time approximation is given by,
σel =
1
3T
M∑
k=1
q2knkλmfp. (13)
Putting the expression of λmfp in eq. 13 and only con-
sidering the density of up quark (u) and its antiquark (u¯)
in the calculation, we get the expression for σel as,
σel =
1
3T
4
9
e2nq(T )
L
(1− e−ξ) . (14)
Here, the pre-factor 4/9 reflects the fractional quark
charge squared (
∑
f q
2
f ; qf =
2
3 ) and nq denotes the total
density of quarks or antiquarks. Here, e2 in the natural
unit is taken as 4piα, where α = 1/137.
B. Thermal Conductivity
Thermal conductivity (κ) is another interesting observ-
able, which describes the heat flow in interacting sys-
tems [26, 27] and gained a recent interest in ultrarelativis-
tic heavy-ion collisions [28, 29]. κ in CSPM is derived as
follows:
The heat current density, jQ, i.e. the amount of ther-
mal energy crossing an unit area per unit time is propor-
tional to the temperature gradient,
JQ = −κdT
dx
, (15)
where κ is the thermal conductivity. Hot and dense
matter also called fireball created in heavy-ion collisions
gives rise to numerous partons, which involve in the pro-
cess of heat conduction in the fireball. Heat conduction
happens both by quarks and gluons in the form of ther-
mal energy.
From kinetic theory of gases, the thermal conductivity,
4κ is evaluated by using the formula, κ = (1/3)CV v
2
F τ [30,
31]. Here CV is the specific heat per unit volume, vF is
the Fermi velocity and τ is the mean free time of partons.
Now, κ using the expression of specific heat [32] is written
as,
κ =
1
3
(pi2nkBT
2TF
)v2F τ. (16)
Here the Fermi temperature (TF ) is defined as, TF =
EF /kB and Fermi energy, EF can be expressed as
1
2mv
2
F .
Now the above equation can be expressed for a system of
partons as,
κ =
pi2nk2BλmfpT
3m
(17)
In natural unit, kB = 1 and m can be written as, m =
3T , thermal conductivity for strongly interacting matter
then becomes,
κ =
∑
k pi
2nkλmfp
9
(18)
In the context of CSPM, the above equation is reduced
by using the expression of λmfp as,
κ =
pi2
9
∑
k=partons nkL
(1− e−ξ) (19)
The relation between electrical conductivity σel, and
thermal conductivity κ, for any substance can be under-
stood in terms of the Wiedemann-Franz law. The basic
mathematical statement of the law is,
κ/σelT =
pi2
3e2
≡ L (20)
The Lorentz number, L is a constant which quantifies
the system as good electrical as well as thermal conduc-
tors. To understand the quantum aspects of its liquidity
of the QCD system Wiedemann-Franz law becomes rele-
vant.
III. RESULTS AND DISCUSSIONS
In this section, we discuss the results obtained in
CSPM along with other theoretical results calculated in
various approaches. We first time use color string per-
colation model to calculate thermal conductivity for hot
QCD matter. For this, we use a very simple Drude model
for electron. In CSPM, we assume that the strings break
into equal number of quarks and antiquarks.
The dimensionless quantity, κ/T 2 as a function of
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FIG. 1: (colour online) The dimensionless ratio of thermal
conductivity to squared temperature (κ/T2) as a function
of T/Tc. The black solid line shows the results obtained in
CSPM. The blue diamond symbols are the calculations of NJL
model [33]. The green dotted and the red dash-dotted lines
represent the results of Ideal EOS with different running cou-
pling constants. The black, red and green dashed lines are
the results from a quasiparticle model.
T/Tc is depicted in fig. 1. The figure comprises CSPM re-
sult with various equation of states (EOSs) for both zero
and nonzero quark chemical potentials. Different EOSs
show different effects especially at lower temperatures
and overlap with the results obtained in Ideal EOS. Our
results from CSPM show almost independent behaviour
with respect to T/Tc and are similar to almost all the
results at higher temperatures, qualitatively. The blue
diamond symbols are the results obtained within the am-
bit of Nambu-Jona-Lasinio (NJL) model for three quark
flavors which decrease with temperature [33]. The calcu-
lations of κ obtained in Ideal EOS for QCD medium are
also shown in the figure where non-interacting quarks and
gluons are considered [9]. The green dotted line and red
dash-dotted line are the results for µq = 0 and 0.1 GeV,
respectively. We have also shown the results obtained in
effective fugacity quasiparticle model (EQPM) [9]. The
EQPM includes the hot QCD medium effects in terms of
effective quasi-partons (quasi-gluons, quasi-quarks/anti-
quarks). The hot QCD medium effects present in the hot
QCD equations of states (EOSs), computed within either
improved perturbative QCD (pQCD) or lattice QCD sim-
ulations are mapped onto the effective equilibrium dis-
tribution functions for the quasi-partons. In Ref. [9], the
EQPM with QCD equation of state at O(g5) (EOS1) and
O(g6ln(1/g) + δ) (EOS2), along with 2 + 1− flavor lat-
tice QCD equation of state (LEOS) has been exploited.
Results in all the cases shown in the figure, initially de-
crease rapidly with the temperature around twice the
critical temperature and then saturates at a higher tem-
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FIG. 2: (colour online) The results for Lorenz number versus
T/Tc are shown for various EOS. The black solid line shows
the results calculated using CSPM. The red solid and green
dotted lines represent the results of Ideal EOS for various cou-
pling strength. The red dash-dotted, black dotted and blue
lines are results obtained in different versions of quasiparticle
model.
perature. Our CSPM calculations show almost indepen-
dent behaviour with respect to temperature. Our CSPM-
based results for electrical conductivity in a Drude-like
model have been reported recently [21].
The interplay between electrical and thermal conduc-
tivity for any substance can be understood via studying
the Wiedemann-Franz law which helps in understanding
the relative importance between the charge diffusion and
heat diffusion in any medim or substances. The ratio of
thermal diffusion to charge diffusion or else called Lorenz
number (L) is depicted in Fig. 2. For instance, the Lorenz
number is constant for metals which infers that metals
are good thermal conductors as well as electrical con-
ductors. The study of the Lorenz number for hot QCD
medium can throw light on the relation between electrical
and thermal conduction in this medium. We find that, L
is almost independent of T/Tc in CSPM. The value from
CSPM is closer to the Stefan-Boltzmann (SB) limit of
an ultra-relativistic gas of gluons and quarks. The solid
red and green dashed lines are the results obtained in
the famework of ideal EOS for quarks and gluons. The
former is for the fixed strong coupling strength (αs =
0.3), which shows a weak dependence on temperature
particularly at a lower T, while the latter which is for
running coupling constant first increases with T and be-
comes constant at a higher temperature. Again, we show
the effective fugacity quasiparticle model (EQPM) results
with various version of its equation of states [9]. All the
results obtained in EQPM shown by the solid blue, red
dash-dotted and black dashed lines in the figure initially
decrease rapidly and saturate at a higher T.
IV. SUMMARY AND OUTLOOK
In this work, for the first time we use a color string
percolation approach to study the temperature depen-
dence of thermal conductivity of hot QCD matter. We
also study the ratio of thermal conductivity and elec-
trical conductivity as a function of temperature. We
have revisited the well known Wiedemann-Franz law for
strongly interacting matter using CSPM. We compare
our CSPM results with various versions of effective fu-
gacity quasiparticle model and ideal equation of state
for quarks and gluons degrees of freedom. We find a
temperature independent thermal conductivity in CSPM
while in other theoretical calculations thermal conduc-
tivity decreases upto T∼1-2 Tc and then saturates at a
higher temperature. The ratio of thermal conductivity
to electrical conductivity also shows a temperature in-
dependence behaviour CSPM approach and ideal EOS.
EQPM results again show initial decrease with T and
saturation afterwards. Since, the lattice QCD results
of thermal conductivity are not available, a theoretical
study of Wiedemann-Franz law for a hot QCD medium
with color degrees of freedom could be important in un-
derstanding its behaviour near critical temperature. The
Lorenz number for a hot QCD medium shows a similar
behaviour like free electrons in metals approaching to a
number expected for a Stefan-Boltzmann limit of an ideal
gas.
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